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Abstract
The space of inflationary models is vast, containing wide varieties of mechanisms, symme-
tries, and spectra of particles. Consequently, the space of observational signatures is similarly
complex. Hence, it is natural to look for boundaries of the space of models and their signatures.
In this paper, we explore the possible symmetries associated with the primordial cosmological
perturbations and their correlators in the asymptotic future. Assuming the observed homogene-
ity, isotropy and (approximate) scale invariance, we prove three main results. First, correlation
functions of scalar metric fluctuations are uniquely characterized by soft theorems and are free
from ambiguity under field redefinitions. Second, whatever the particle content and interactions,
when the standard soft theorems apply, invariance under de Sitter boosts (linearly realized con-
formal invariance) is only possible if all connected correlators vanish identically, i.e. if the theory
is free. Third, conformal invariance is the largest set of linearly realized (bosonic) symmetries of
the correlators of any single scalar, irrespectively of any soft theorems or particle content.
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1
1 Introduction
Determining the nature of the universe at its earliest moments is one of the central goals of modern
cosmology. Observations strongly suggest inflation, or some other mechanism, was needed to
produce superHubble fluctuations [1–3]. Yet, the physics of the very early universe is hidden
from us by the hot big bang, making it difficult to reconstruct the history of this epoch directly.
The pattern of primordial density fluctuations that seed the growth of structure does give us
hints about the earliest moments but there is a seemingly endless list of possible mechanisms
that can be made consistent with current observations.
While primordial perturbations do not directly reveal the time evolution, the symmetries
relevant to the early universe do manifest themselves in their correlators. Noether’s theorem
famously shows that symmetries constrain the allowed time evolution, forcing the local conserva-
tion of charge. Equally profoundly, Coleman and Mandula [4] showed that in Minkowski space,
the possible symmetries are constrained by self-consistent dynamics capable of producing a non-
trivial S-matrix. It is natural to wonder to what degree the possible symmetries of the early
universe might be limited by the self-consistency of cosmological correlators.
Cosmological correlators need not obey the Coleman-Mandula theorem (or generalizations
thereof) for two reasons. First, both Lorentz boosts and time-translations are spontaneously
broken in cosmological models due to the background geometry and the vacuum expectation
values of the fields that drive the time evolution. This breaks the important assumption of
Lorentz invariance that is omnipresent in the S-matrix program. Moreover the scale of this
breaking can be (and often is) parametrically larger than Hubble and so the effective theory can
become strongly coupled before Lorentz invariance is recovered in the flat space (short distance)
limit. Second, unlike scattering ampitudes, correlation functions are not invariant in general either
under field redefinitions or under total time derivatives. This implies that additional information
must be provided about correlators to define them uniquely. As we will see, cosmology provides
us with solutions to both of these problems and we will be able to find a cosmological analogue
of the Coleman-Mandula theorem for the scalar correlators relevant to most models of the early
universe.
Current cosmological observations indicate the primordial curvature fluctuations are ap-
proximately scale invariant. It is natural to consider the limit where scale invariance becomes an
exact symmetry and ask what set of additional symmetries could be realized in the same limit.
To gain intuition, it is therefore useful to understand the origin of scale invariance in inflationary
models. At a most basic level, scale invariance arises from a time-translation symmetry, which
ensures that each mode experiences the same history. While time-translations are a symmetry of
flat space, they are spontaneously broken during inflation due to the time-evolution of the back-
ground, perhaps through the evolution of a scalar field φ(t). However, it is possible to require the
existence of a new (approximate) time translation symmetry. Such a symmetry can emerge as
a diagonal combination of the original spontaneously broken time-translation symmetry and an
additional internal global symmetry, which characteristically takes the form of a shift symmetry1
1It is important to stress that the presence of a shift symmetry does not per se imply the existence of this unbroken
diagonal time-translation symmetry, as discussed in detail in [5]. A simple counterexample is the Lagrangian
P (X)− λφ in Minkowski. Rather, the shift symmetry implies an infinite series of recursive relations for the time
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φ→ φ+c, [7, 8]. Intuitively, a shift symmetry ensures that perturbations are only sensitive to the
background value of φ˙, as higher derivatives can be eliminated using the background equations of
motion. If we further assume that φ˙ is approximately constant in time, perturbations must then
be symmetric under time-translations. Formally, in the flat space limit, the conserved current tµ
associated with the diagonal time-translations takes the form
tµ = T 0µ + jµ , (1.1)
where Tµν is the stress tensor and jµ is the (approximately) conserved current associated with
the (approximate) shift symmetry.
The most natural extension of a scale transformation would be to have a linearly-realized
conformal symmetry. Conformal invariance is famously realized as the result of the isometries of
de Sitter spacetime but has its origins as the boosts in flat space, which are implemented by the
current
Kµ0λ = xµT 0λ − x0Tµλ . (1.2)
Due to the time evolution of the background, these symmetries are necessarily broken (sponta-
neously) along with the time translations generated by T 00. However, if we imagine there is an
unbroken diagonal boost symmetry analogous to (1.1), we would required a higher spin current
jµνλ to combine with Kµνλ to produce an unbroken symmetry. Such a possibility is difficult to
arrange in an interacting theory, as a linearly realized higher spin-symmetry would be forbidden
by the Coleman-Mandula theorem. These considerations suggests that conformal invariance is
severely restricted in inflationary models, a fact that we make precise in the rest of this work.
Symmetries can act linearly on small perturbations, hence being linearly realised, or they
can be non-linearly realised as it occurs in spontaneous symmetry breaking. Linearly realized
symmetries are easier to constrain because they separately restrict the possible functional form
that each correlator can take. On the other hand, in cosmology we know we have a non-trivial
gravitational background, which accounts for the expansion of the universe, and some additional
non-trivial background of matter fields. Both generically spontaneously break time translations
and boosts but can also break other symmetries. The ensuing non-linearly realized symmetries
imply Ward-Takahashi identities that relate correlators with a different number of fields. This
is harder to study because all correlators need to be solved for at once. Two approaches have
been put forward in the literature to explore the landscape of non-linearly realized symmetries in
cosmology. The first is the study of soft theorems, which employs the developments in [9–16] to
study residual diffeomorphisms. Additional non-linearly realized symmetries lead to a general-
ization of Weinberg’s adiabatic modes [17] and new associated soft theorems, as for example for a
shift symmetry [5, 6] or solid inflation [18–21]. The second approach is a brute force classification
of all possible symmetric Lagrangians. For a single scalar this was achieved in [22, 23], where a
complete classification of all symmetries, irrespectively of their realization, was derived. In this
work we will exclusively discuss linearly realized symmetries and comment on possible extensions
in the conclusions.
dependence of the EFT parameters [5], as well as a new set of soft theorems [6]. Hence, to obtain a scale invariant
set of correlators a diagonal time-translation symmetry needs to be imposed in addition to the existence of a shift
symmetry.
3
1.1 Summary of the results
In this paper, we prove three theorems about primordial correlators under the assumption that
they are all homogeneous, isotropic and scale-invariant:
Theorem 1: Whatever the particle content, in an attractor single-clock cosmology, the
symmetries associated with adiabatic modes and the ensuing soft theorems uniquely fix
the definition of curvature perturbations. In simpler terms, a set of scalar correlators are
correlators of ζ if and only if they satisfy all the soft theorems that generalize Maldacena’s
consistency relation [24]. This result proves invaluable when studying cosmological cor-
relators exclusively based on their asymptotic values, i.e. on the boundary, rather than
following their time evolution, i.e. in the bulk, as we do in this paper and in analogy with
the S-matrix program.
Theorem 2: Whatever the particle content, in an attractor single-clock cosmology, linearly-
realized conformal invariance (i.e. invariance under de Sitter boosts) of ζ may only arise
in a free theory. As a consequence, any approach that crucially employs de Sitter isome-
tries, such as the one recently proposed in [25, 26], in single-field inflation can only describe
slow-roll suppressed correlators of ζ.
Theorem 3: The only additional (linearly-realized) symmetries that the correlators of a
scalar field φ can display, without vanishing, are the special conformal transformations.
This a very strong restriction also on models in which curvature perturbations are not of
the single-clock type, but rather are related to some other “isocurvature” fields.
The combination of the above results tells us something remarkable. Cosmological observations
indicate that ζ has a homogeneous, isotropic and approximately scale-invariant power spectrum
and therefore satisfies the assumptions of Theorem 3. Then, the only additional linearly-realized
symmetries that ζ can display are special conformal transformations. But from Theorem 2 we
know that if these additional symmetries were present, then ζ could only have vanishing connected
correlators in the slow-roll decoupling limit. Hence, it follows from our results that there are only
two mutually exclusive possibilities for our universe:
• Primordial perturbations enjoy more symmetries than those we have already observed.
Then these additional symmetries must be special conformal transformations, and all pri-
mordial non-Gaussianities: (a) are slow-roll suppressed and hence very small and/or (b)
violate the consistency conditions.
• Primordial non-Gaussianities are not slow-roll suppressed and so can be large, and they sat-
isfy the consistency conditions. Then primordial perturbations display the largest possible
set of symmetries, namely homogeneity, isotropy and (approximate) scale invariance.
This conclusion somewhat parallels what we know about amplitudes: the observed Poincare´
invariance is the largest set of (linearly-realized, bosonic) spacetime symmetries that a theory
with a non-trivial S-matrix can enjoy.
Note that our theorems still permit any internal (global) symmetries and/or non-linearly
realized symmetries, just as for the Coleman-Mandula theorem. Also, our results are weaker than
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the corresponding constraints on Conformal Field Theories (CFTs) in [24] as our arguments still
allow any symmetries that act as the identity on ζ, but not on other fields. Given that many
of the techniques and terminology we use are borrowed from CFTs, it’s important to emphasize
that our results do not follow trivially from holography and, as far as we can tell, they do not
have an obvious analogue in a putative CFT dual to de Sitter, as discussed further in Section
3.4. Naively, one might interpret Theorem 2 as the statement that the trace of the stress tensor
vanishes in a CFT. Instead, one can check that this not the case. Furthermore, even the above
description of scale invariance has a peculiar holographic origin [8].
This paper is organized as follows: In Section 2, we discuss the symmetry algebra relevant
to curvature fluctuations and prove Theorem 1. In Section 3, we present two proofs of Theorem
2, namely that linearly-realized conformal invariance and the single-field consistency conditions
combined imply that all the connected cosmological correlation functions of ζ vanish. In Section 4,
we prove Theorem 3 by classifying all possible linearly-realized symmetries for a general scalar
field, which might or might not satisfy some soft theorems. We conclude in Section 5.
2 The symmetries of curvature perturbations in single-clock inflation
In this section, we will define the symmetries we will use to constrain the form of cosmological
correlators. Consider the FLRW metric
ds2 = −dt2 + a(t)2dxiδijdxj (2.1)
= a(τ)2
[−dτ2 + dxiδijdxj] . (2.2)
We will be interested in (attractor) single-clock accelerated cosmologies, a¨ > 0, for which cur-
vature perturbations eventually become longer than the Hubble radius and freeze out. In the
asymptotic future we can neglect the time dependence and focus on the spatial dependence of
equal-time correlators. We will phrase our discussion in terms of curvature perturbations on con-
stant density hypersurfaces ζ(~x) at future infinity, which is what we can measure in cosmological
observations
ζ(~x, τ)→ ζ(~x) as τ → 0 . (2.3)
It should be noted that all of our results are also valid for curvature perturbations on comoving
hyperfurfaces R(~x), since the difference between R and ζ vanishes at future infinity under our
assumptions.
Around any FLRW cosmology, ζ obeys an SO(4, 1) symmetry associated with the isometry of
spacetime and the residual large gauge transformations [11, 14]. The ISO(3) subgroup represents
the standard rotation and translation symmetries, which are linearly realized on ζ, with generators
Pi : δζ = −∂iζ , (2.4)
Mij : δζ = 2x[i∂j]ζ . (2.5)
At future infinity, when the subleading time-dependence of ζ can be neglected, there are also four
more symmetries that act non-linearly on ζ . These act like three-dimensional euclidean conformal
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transformations and are generated by non-linear dilations and special conformal transformations,
with generators given by
DNL : δζ = −1− ~x · ~∂~xζ , (2.6)
KiNL : δζ = −2xi − 2xi
(
~x · ~∂~xζ
)
+ x2∂iζ . (2.7)
The first term in each of these two generators is a (non-linear) shift, while the remaining terms
in KNL are the usual conformal transformations of a scalar field of zero conformal dimension. All
of the above symmetries are present for any single-clock attractor model of inflation.
In addition to these mandatory symmetries, models of inflation that are phenomenological
viable also display an approximate linearly-realized dilation symmetry, which is responsible for
the observed approximate scale invariance of primordial perturbations. This symmetry can be
thought of as arising from a rescaling of the coordinates
xi → (1 + λ)xi , (2.8)
under which operators transform according to the their conformal dimension ∆O. For scalar
operators O one has
O(~x)→ (1 + λ)∆OO((1 + λ)~x) . (2.9)
We can define the associated infinitesimal generator D by
D : δO(~x) = −∆OO(~x)− ~x · ~∂O(~x) . (2.10)
The conformal dimension ∆ζ of ζ actually has to vanish in single-field attractor inflation. To see
this, we notice that
[D,DNL] = ∆ζ , (2.11)
and therefore, if ∆ζ 6= 0, we can define a new generator S that acts on ζ as a shift symmetry
S ≡ 1
∆ζ
[D,DNL] : δζ = 1 . (2.12)
Consequently, DNL + S must also be a symmetry and acts linearly as
DNL + S : δζ = −xi∂iζ . (2.13)
This is nothing but a dilation with ∆ζ = 0. We found that, if ∆ζ 6= 0, the theory would have
to be simultaneously invariant under two types of linearly-realised dilations in which ζ has two
different conformal dimensions, namely zero and ∆ζ . No correlator can be invariant under this
set of symmetries2 and such a theory cannot exist3. Notice that for this argument we did not
have to invoke KNLi . From now on we will assume ∆ζ = 0.
2When scale invariance is broken, the quadratic action may still be usefully described in terms of a scaling symmetry
with ∆ζ 6= 0 [27]. We have showed that such a symmetry is never exact.
3For a less formal but more explicit argument, recall that dilation invariance reduces to the constraint
−3 +
∑
a
(3−∆ζ) + ~ka · ∂~kaBn = 0 ⇒ P ∝ k
−3+2∆ζ , B3 ∝ k−6+3∆ζ . (2.14)
But then Maldacena consistency relation gives B3 ∝ P 2, which cannot be satisfied unless ∆ζ = 0.
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We will be interested in answering the following question: Can there be additional sym-
metries beyond the ones we discussed above? Our Theorem 2 and 3 say that, under different
assumptions, the answer is negative. For example, one might try to add linearly-realized de
Sitter boosts as a symmetry of ζ. This is precisely the symmetry that a spectator field in de
Sitter would enjoy. When acting at future infinity, such a transformation takes the form of a
three-dimensional euclidean special conformation transformation,
xi → x′i = xi + bix2 − 2xi~b · ~x . (2.15)
Operators of conformal dimension ∆ then transform as
O(~x)→ (1− 2~b · ~x)∆O(~x′) , (2.16)
but we will only need the linearized form of these transformations,
Ki : δO(~x) =
[
−2∆xi + x2∂i − 2xi~x · ~∂
]
O(~x) . (2.17)
2.1 The symmetry algebra
It will be useful to take a closer look at the set of generators we have just defined, in real as well
as in Fourier space:
Pi : δζ = −∂xiζ , δζ = −ikiζ , (2.18)
Mij : δζ = 2x[i∂xj]ζ , δζ = 2k
[i∂kj]ζ , (2.19)
D : δζ = −~x · ~∂ζ , δζ = [3 + ki∂ki] ζ , (2.20)
Ki : δζ = −2xi
(
~x · ~∂ζ
)
+ x2∂xiζ , δζ = i
[
2~k · ~∂∂ki − ki∂2 + 6∂ki
]
ζ , (2.21)
DNL : δζ = −1− ~x · ~∂ζ , (2.22)
KiNL : δζ = −2xi − 2xi
(
~x · ~∂ζ
)
+ x2∂x
i
ζ . (2.23)
It turns out that these generators by themselves do not close to form an algebra, a fact that will
play a key role in our second proof of Theorem 2 in Section 3.2. To see this, it is more convenient
to use the following linear combinations of generators
Q ≡ D −DNL : δζ = 1 , (2.24)
Vi ≡ 1
2
(
Ki −KNLi
)
: δζ = xi , (2.25)
which we recognize as the generators of a (euclidean) Galilean symmetry [28]. By direct compu-
tation we find
[Vl,Ki] =
(−2xixl + x2δil) . (2.26)
Since the commutator of two symmetry generators must also be a symmetry generator, we need
to add to the algebra of symmetries Vli defined by
Vli : δζ =
(−2xixl + x2δil) . (2.27)
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But we cannot stop here. Commuting Vij once more with Kl we find that we need to include yet
another set of generators,
Vijl ≡ [Vij ,Kl] : δζ = 8xixjxl − 2x2 (xlδij + xiδjl + xjδil) . (2.28)
This continues ad infinitum. As we commute Vijl with Km more and more times, we are forced
to include generators with increasing powers of x. We could have seen the need for the infinitely
many additional generators from a more formal argument. From Jacobi identities, or simply by
direct calculation we know that
[[A,B], D] = (∆A + ∆B) [A,B] , (2.29)
for any two generators A and B with conformal dimension ∆A,B defined as
[A,D] = ∆AA , (2.30)
and similarly for B. But ∆Vi = ∆Ki = 1 and so their commutator must have ∆Vij = 2, which
is indeed what we see in (2.27). Every time we commute with Ki we find a new generator with
conformal dimension increased by one. These additional symmetries induce transformations on
ζ of the schematic form (indices are implicit)
V(n) ≡ Vi1...in : δζ ∼ xn . (2.31)
It will be useful to notice that the V(n) are totally symmetric in all their indices. For Vij and
Vijl this can be seen from their explicit expressions in (2.27) and (2.20). For all the higher order
generators we can provide the following proof by induction. Assume V(n) is totally symmetric in
its n indices. Then
V(n+1) = Vi1...in−1in = [V(n),Kin ] = [[Vn−1,Kin−1 ],Kin ] (2.32)
= [Vn−1Kin−1 ,Kin ]− [Kin−1Vn−1,Kin ] (2.33)
= [Vn−1,Kin ]Kin−1 −Kin−1 [Vn−1,Kin ] (2.34)
= [[Vn−1,Kin ],Kin−1 ] = Vi1,...inin−1 , (2.35)
where we used the fact that [Ki,Kj ] = 0. The above results shows that Vn+1 is symmetric in its
last two indices. But from its definition, V(n+1) is also symmetric in its first n indices and so it
must be totally symmetric. In particular, the number of components of V(n) is(
3 + n− 1
n
)
=
(2 + n)!
n! 2!
=
1
2
(2 + n)(1 + n) . (2.36)
2.2 Theorem 1: field redefinitions
In this paper, we are deriving constraints on cosmological correlators based exclusively on their
symmetries, without any reference to an underlying Lagrangian. One immediate concern with this
approach is that correlation functions are not invariant under field redefinitions4. For example,
4Without loss of generality, when discussing correlators at future infinity we can disregard the many field redefi-
nitions that vanish in that limit. This is in contrast to approaches that follow the time evolution in the “bulk”,
where all field redefinitions are used to simplify the Lagrangian, as e.g. in [29, 30].
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non-vanishing connected correlators may result simply from a field redefinition of a free theory in
which all connected correlators vanish. This is in contrast to what happens in flat space, where
we have a natural and unambiguous definition of a free theory: the S-matrix must be the identity.
This flat-space definition is invariant under (perturbative) field redefinitions, as can be seen from
the LSZ reduction formula.
The issue of field redefinition is common to any attempt to characterize cosmological correla-
tors from a “boundary” perspective, namely from their value in the asymptotic future where they
approach some constant, without explicit reference to a “bulk” theory, i.e. to the time evolution
when the modes in the correlator are sub-Hubble. Specifically, if one finds some way to compute
the correlators of some scalar, without reference to a Lagrangian, how does the correlator know
which scalar it is supposed to compute? For a trivial example, one can add to a field φ a “local”
term, φ → φ + φn, which changes the correlator. More interestingly, one can also add arbitrary
space and time derivatives, with appropriate powers of the scale factor and/or inverse Laplacians
so that the field redefinition does not vanish at spatial infinity. Again the correlator changes.
In this section, we point out that if one is interested in the correlators of ζ in single-clock
inflation, as it is often the case in cosmology, there is a simple way to address the ambiguity
induced by field redefinitions. In particular, we will prove that in single-field inflation a given
correlator is a correlator of ζ if and only if it satisfies all the soft theorems [9–15] that enforce on
the correlators the symmetries DNL and KNL . We will refer to this result as Theorem 1. There
are two proofs of this theorem. The first proof will be presented in this section. The second proof
follows exactly the same steps as in the discussion of the Operator Product Expansion (OPE) of
Section 3.2, and is left to the interested reader as an exercise.
Broadly speaking, our goal is to define operators by how they transform under the mandatory
symmetries discussed in this section. Of course, the symmetries alone do not uniquely define the
operators of a theory, as the ambiguity under field redefinitions cannot vanish entirely. Instead,
the field redefinitions need not commute with the symmetry, in the sense that the symmetries will
act differently on operators in theories related by a field redefinition. Often, there is a particularly
convenience choice for representation of the operators that simplifies the action of the symmetry
on the operators. The canonical definition of ζ is such an example5, as this choice simplifies
the non-linearly realized scale transformations. If this basis of operators is unique, then we can
define the “boundary” correlation functions by the transformation of the operators under these
symmetries. We will now demonstrate that ζ is uniquely defined in this way.
For field redefinitions of ζ, we will only need the following generators:
DNL : δζ = −1− ~x · ~∂ζ , (2.37)
KiNL : δζ = −2xi − 2xi
(
~x · ~∂ζ
)
+ x2∂iζ , (2.38)
D : δζ = −~x · ~∂ζ . (2.39)
We will show that this set of generators uniquely determines ζ. Furthermore, the first two gener-
ators are present in any inflationary model and the third is typically an approximate symmetry
(as suggested by observations).
5When defined in terms of the metric, ds2 = −dt2 + a2(t)e2ζd~x2, we see that a constant shift of ζ is related to
rescaling ~x.
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Let’s start with field redefinitions of ζ involving any operator that is the sum or product of
ζ at the same point, without any derivatives6,
ζ˜(~x) = ζ(~x) + F (ζ(~x)) , (2.40)
where F is a real function, F : R→ R. For ζ˜ to transform in the same way as ζ under DNL, we
need to require
∂F (ζ(~x))
∂ζ(~x)
= 0 . (2.41)
Since this must hold for any value of ζ(~x), we conclude that F (ζ) must be a constant function.
A constant shift ζ → ζ + C doesn’t change any connected correlator and it is usually fixed by
demanding that perturbations have zero expectation value, which implies C = 0. Thus, even
without using D, we see that field redefinitions of the form (2.40) are fixed by DNL. This is also
straightforward to see at the level of correlators, where the field redefinition in (2.40) generates
terms that violate the consistency conditions to leading order.
Now suppose we included derivatives of ζ as part of our redefinition, e.g.
ζ˜(~x) = ζ(~x) + F (∇2ζ(~x)) . (2.42)
Because ∇2ζ transforms linearly under DNL, ζ˜ and ζ transform the same under the non-linear
part of DNL, namely DNL − D. However, now we look at the symmetry generated by D. The
scaling dimension of ∇2ζ clearly satisfies ∆∇2ζ = 2 > 0. In contrast, ζ has dimension ∆ζ = 0.
If we then impose that ζ˜ has the same dimension of ζ under D, namely ∆ζ = ∆ζ˜ = 0, then we
need to impose
F (∇2ζ) = F (λ∆∇2ζ∇2ζ) , (2.43)
for some real parameter λ. Since this must be true for any ∇2ζ and small but non-vanishing λ,
we conclude that F (∇2ζ) must be a constant function. The same will be true of any function
of non-zero dimension. In single-clock inflation, there are no local operators of dimension zero
other than ζn(~x), which we already argued is not allowed in the field redefinition. We conclude
that DNL and D fix the redefinition of ζ by any local operators.
Thus far, we have not addressed the possibility of a field definition by a non-local operator.
To begin, let’s write a general non-local field redefinition as
ζ˜(~x) = ζ(~x) +
(
N∏
i=1
∫
d3xiO(~xi)
)
G({~x− ~xi}, {~xi − ~xj}) , (2.44)
where O(xi) are some operators build from the sum and product of ζ and its derivatives at the
same point andG is some kernel. From our previous discussion, we already know that each ζ needs
to appear with at least one derivative, in order to have a chance to not spoil the transformation
generated by DNL. For example, consider the field redefinition
ζ˜ = ζ +
1
∇2
(
∂iζ∂
iζ
)
. (2.45)
6In the cosmological literature, this type of transformation goes sometimes under the name of “local” redefinitions.
We avoid using this terminology here because in quantum field theory a “local operator” usually refers to sum
and product of operators as well as their derivatives at the same point. We will use the word “local” with this
second meaning in mind, in line with the QFT literature.
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This non-local redefinition avoids the constraints we derived previously from DNL and D because
of two reasons: (1) the derivatives acting on ζ ensure the action of DNL is the same as that of
D and (2) the inverse Laplacian allows the scaling dimension to remain zero, hence leaving the
transformation induced by D unchanged. Of course the price we pay is that the inverse Laplacian
makes the operator non-local. Such form of non-locality are not a priori problematic. Indeed
inverse Laplacians emerge generally when solving the ADM constraints for the g0µ components of
the metric, and the calculation of the bispectrum in single field inflation in [9] employs a similarly
non-local field redefinition.
Under dilations, (2.44) transforms as
D(ζ˜(~x)) = ζ(λ~x) +
(
N∏
i=1
∫
d3xiλ
∆iO(λ~xi)
)
G({~x− ~xi}, {~xi − ~xj}) (2.46)
= ζ(λ~x) +
(
N∏
i=1
∫
d3yiλ
∆i−3O(~yi)
)
G({~x− ~yi/λ}, {(~yi − ~yj)/λ}) , (2.47)
where ∆i are the scaling dimensions of the operators Oi and we used translation invariance to fix
the form of our kernel, G({~x− ~xi}, {~xi − ~xj}). For ζ˜ to transform in the same way as ζ, namely
D(ζ˜(~x)) = ζ˜(λx), we require
λ
∑
i(∆i−3)G({~x− ~yi/λ}, {(~yi − ~yj)/λ}) = G({λ~x− ~yi}, {~yi − ~yj}) . (2.48)
This fixes the scaling behavior of our kernel but is easily satisfied. In our simple example in (2.45)
,O(x1) = ∂iζ(x1)∂iζ(x1) and G(~x−~x1) = 1/|~x−~x1| is the Green’s function that implements the
inverse Laplacian. Since O(x1) has ∆1 = 2, we check that
1
λ
G(~x− ~y1/λ) = G(λ~x− ~y1) , (2.49)
as required to match the scaling behavior.
Let’s see what we can learn from imposing that the transformation generated by KNL
remains unchanged. First of all, the non-linear part of the transformation involves a shift of ζ by
xi. By an argument precisely analogous to that around (2.40), this implies that the operators O
in the field redefinition need to have no less than two derivates acting on ζ. If they do not, then
it is straightforward to see that ζ˜ does not transform the same way as ζ under KNL. So in the
following we will assume that this is the case and therefore KNL induces the same transformation
as K.
Now we turn to the constraints imposed by the linear action of KNL, namely
KNL(ζ˜(~x)) = KNLζ(~x) +
(
N∏
a=1
∫
d3xa
∣∣∣∣∂~x′a∂~xa
∣∣∣∣∆i/3O(~x′a)
)
G({~x− ~xa}, {~xa − ~xa′}) , (2.50)
where ~x′ = ~x+~bx2 − 2~x~b · ~x. To proceed, it is convenient to change the variables of integration
to ~y = ~x′ in (2.50) to give
KNL(ζ˜(~x)) = KNLζ(~x) +
(
N∏
a=1
∫
d3ya
∣∣∣∣∂~xa∂~ya
∣∣∣∣1−∆a/3O(~ya)
)
G({~x− ~xa}, {~xa − ~xa′}) , (2.51)
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where ~xa = ~xa(~ya). In order for this to transform the same way as ζ(~x) we would need
KNL(ζ˜(~x)) = KNLζ(~x) +
(
N∏
a=1
∫
d3yaO(ya)
)
G({~x+~bx2 − 2~x~b · ~x− ~ya}, {~ya − ~ya′}) (2.52)
to transform like a local operator, or equivalently
N∏
a=1
∣∣∣∣∂~xa(ya)∂~ya
∣∣∣∣1−∆a/3G({~x−~xa(ya)}, {~xa(ya)−~xa′(ya′)}) = G({~x+~bx2−2~x~b ·~x−~ya}, {~ya−~ya′}) .
(2.53)
We can Taylor expand this expression in ~b on both sides. Matching at each order in ~b, we will
relate functions of ~ya on the left-hand side to functions of ~x. For generic ~x and ~ya (i.e. ~x 6= ~ya),
the only viable solution is that both sides of these equations are constants, so ∆a = 3 and
G({x − xa}, {xa − xa′}) is constant. These operators are independent of ~x and thus are not of
interest for correlation functions of modes with finite momenta. Alternatively, the kernel can
vanish except at discrete points where ~x = ~ya (i.e. δ-functions). These solutions are just local
operators and thus are excluded by our previous arguments.
Summarizing, we have proven that there are no field redefinitions that leave the action of
DNL and KNL invariant, and so these symmetries uniquely fix the definition of ζ. At the level of
correlators, these symmetries induce an infinite number of soft theorems [9–15], which collectively
identify a given set of correlators as the correlators of ζ.
3 Theorem 2: de Sitter invariance implies a free theory
In this section, we will prove that, in the decoupling limit, exact conformal invariance is only
possible when ζ is a purely Gaussian field7, a result to which we refer as Theorem 2. We will first
show this by a brute force application of the symmetries in their differential operator form. We
will then confirm and generalize these results using the Operator Product Expansion (OPE).
Our main assumption in proving this result is that the correlators of ζ are symmetric un-
der the non-linearly realized symmetries generated by DNL and KNL, and therefore satisfy the
standard soft theorems that generalize Maldacena’s consistency condition. As long as the soft
theorems apply to ζ, both the particle content of the theory and the interactions can be arbitrary.
For example, ζ can have arbitrary interactions with massive particles of arbitrary spin. In par-
ticular, we don’t assume that gravity is described by general relativity. Diff invariant theories of
gravity that respect the standard soft theorems are also constrained by Theorem 2. Conversely,
our conclusions do not apply when the soft theorems are invalid, such as for example in the
presence of additional massless scalars whose fluctuations are eventually converted into adiabatic
fluctuations.
Before we proceed, let’s observe that exact conformal invariance implies also exact scale
invariance (by closure of the algebra for the [Pi,Kj ] commutator). Therefore, our interest in this
7A similar conclusion was drawn in [14] using Galileons, but was limited to actions with two-derivative equations
of motion and thus did not consider the generic higher derivative operators that appear in an EFT.
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section is in the behavior of ζ correlators in the scale-invariant decoupling limit, namely
H
MPl
,
H˙
H2
,
H˙
M2Pl
→ 0 with H
4
H˙M2Pl
∼ const. (decoupling) , (3.1)
 ≡ − H˙
H2
, η ≡ ˙
H
, ξn≥3 ≡ ∂ log ξn−1
H∂t
→ 0 (scale invariant) , (3.2)
in which gravitational interactions become negligible, while the amplitude of the primordial power
spectrum remains fixed. This limit is forced upon us because we found that scale invariance of
the correlators is only possible when ∆ζ = 0. This implies that the power spectrum of ζ takes
the form P (k) = Ask
−3 and hence ns − 1 = 0 along with any other deviations from exact scale
invariance. In the presence of dynamical gravity,  = −H˙/H2 > 0 and this will generically lead to
small deviations from scale invariance. However, in the decoupling limit, the geometry becomes
pure de Sitter and exact scale invariance can be achieved, as long as all other Hubble slow-roll
parameters {η, ξn} are also negligible.
An indirect consequence of this choice is that the metric degrees of freedom other than ζ
will decouple from ζ. This includes both the tensor modes and the lapse and shift (i.e. the N ,
N i ADM components). We can see this most directly by working in a gauge where the scalar
metric fluctuation is zero (flat gauge) and ζ is related to the fluctuations of a scalar field in a
non-dynamical space-time.
3.1 First proof: differential operators
It is most straightforward to see why non-Gaussian correlators vanish by acting with the symmetry
generators on the connected correlation functions directly. We will demonstrate the idea of the
proof working with the bispectrum, and generalize it later to higher point correlators8. It is well-
known that the position dependence of any three-point function is fixed by conformal invariance
and the conformal dimensions and spins of the operators. For a scalar operator of dimension
∆ = 0, like ζ, the conformally invariant bispectrum takes the form [31]9
〈ζ~k1ζ~k2ζ~k3〉 = f
local
NL
∑
a k
3
a
k31k
3
2k
3
3
+ Ccon
log (K/k∗)
∑3
a=1 k
3
a −
∑
a6=b k
2
akb + k1k2k3
k31k
3
2k
3
3
, (3.3)
where K = k1 + k2 + k3.
We would now like to show this is consistent with the non-linearly realized conformal trans-
formations only if f localNL = Ccon = 0. One consequence of DNL and KNL are single-field consistency
condition, which fix the leading and next-to-leading order coefficients in the soft limit of all cor-
relators in terms of lower order correlators. As it is well known, the consistency conditions can be
invalidated by the presence of additional massless scalar fields or when the background evolution
is not an attractor [32], and so our proof does not apply to those cases.
8We have become aware of an unpublished manuscript by P. Creminelli in which a similar argument based on
differential operators was independently derived.
9If we insist on exact scale invariance then Ccon = 0. But our argument applies more generally for any Ccon, so
we will keep also this “conformal shape” in the following, since its variation under conformal transformations
coincides with the local term.
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In the slow-roll decoupling limit where ns − 1 = 0, the consistency condition implies that
when we take one momentum to be soft, say k1 → 0, the bispectrum takes the form
lim
~k1→0
〈ζ~k1ζ~k2ζ~k3〉 = P (k1)P (k2)(0 + 0× k1 +O(k
2
1)) . (3.4)
In other words, the leading scaling with k1 → 0 is at most k−11 . Expanding the conformally
invariant answer, the scaling in the soft limit is k−31 unless both f
local
NL = 0 and Ccon = 0. The
latter may not be obvious so we show it explicitly:
lim
~k1→0
〈ζ~k1ζ~k2ζ~k3〉 =
Ccon
k31k
6
2
[
log(2k2/k?)(2k
3
2)− 2k32
]
, (3.5)
which violates the consistency conditions if Ccon 6= 0. Furthermore, because of the log, we cannot
cancel the two terms against each other to get a result that vanishes in the squeezed limit. We see
that by a brute force application of the set of symmetries {D,K,DNL,KNL}, the only consistent
bispectrum is a vanishing one.
We would like to extend the above argument to all connected N -point function of ζ. Unlike
the bispectrum, higher point functions are not uniquely determined by conformal invariance.
Fortunately, it turns out that the tension between the linear and non-linearly realized conformal
transformations is evident from the squeezed-limit alone. Our strategy is therefore to eliminate
the need to determine the full shape of a given N -point function by working directly with the
squeezed limit. Specifically, we will use generators of the symmetry in terms of differential
operators in Fourier space,
KiO(~k) →
[
−2i∆∂ki − i∂2~kk
i + i2∂ki∂~k · ~k
]
O(~k) (3.6)
= i
[
−2∆∂ki − ki∂2~k + 6∂ki + 2(~k · ∂~k)∂ki
]
O(~k) , (3.7)
which are obtained directly from transforming (2.17). We will demand that the scaling behavior
in the limit of one vanishing momentum is consistent with these symmetries.
Let’s first repeat the argument for the bispectrum. The bispectrum is only a function of
ka = |~ka| for a = 1, 2, 3, and is therefore conformally invariant when
~b · ~K〈ζ~k1ζ~k2ζ~k3〉 =
3∑
a=1
~b · ~ka
[
∂2
∂k2a
+
4
ka
∂
∂ka
]
〈ζ~k1ζ~k2ζ~k3〉 = 0 . (3.8)
Now let’s take the limit k1 → 0 and define B(k1, k2, k3) = 〈ζ~k1ζ~k2ζ~k3〉′, where a prime indicates
that we dropped a factor of (2pi)3δ3D(
∑
a
~ka). Let’s assume that the leading power of k1 in the
soft limit is kα1 for some α, so that
lim
k1→0
B(k1, k2, k3) = k
α
1F (k2, k3) +O(kα+11 ) . (3.9)
Applying the differential operator we have
~b · ~k1 [α(α− 1) + 4α] kα−21 F (k2, k3) = −kα1
3∑
a=2
~b · ~ka
[
∂2
∂k2a
+
4
ka
∂
∂ka
]
F (k2, k3) . (3.10)
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For generic α, there is no way to solve this equation: the scaling with k1 is different on each sides.
We cannot resolve this problem including more terms in the soft limit, as kα1 is the smallest power
of k1 by definition. The only resolution is therefore that each side vanishes independently, which
means
α(α− 1) + 4α = 0 ⇒ α = −3, 0 . (3.11)
Clearly α = −3 violates our assumption that the single field consistency condition are valid10,
(3.4). The case α = 0 requires more discussion as it is consistent with 3.4.
The case α = 0 corresponds to a function that is purely analytic in ~k1. Certainly k
α=0
1
is analytic. Then, (3.10) relates the coefficient of kα−2 to terms of order kα. Therefore, the
coefficient of k01 fixes the soft limit of the all the k
2n terms where n is a positive integer. This
entire series is analytic in ~k1 and thus is the Fourier transform of a δ-function and derivatives
thereof (i.e. contact terms). Furthermore, inverting the logic, introducing a term that was non-
analytic would required an α = −3 term (or an infinite series of arbitrarily negative powers of
k1). The corresponding three-point correlation function (i.e. position space) is therefore zero for
some open set of ~x1. We are restricting ourselves to correlation functions that are non-zero for
generic ~xi and thus we exclude α = 0 as a valid solution of this kind.
Now let’s repeat this argument for a generic N -point function of ζ. Unlike the bispectrum,
higher point correlation functions can depend on the relative angles between momenta. As a
result, the soft limit generically takes the form
lim
k1→0
〈ζ~k1
N∏
a=2
ζ~ka〉
′ = kα1
m∏
a=1
(~k1 · ~Pa({~kb>1}))× F ({~kb>1}) , (3.12)
where ~Pa({~kb>1}) is some linear combination of ~kb for b = 2, 3 . . . , N , and m ≥ 0 is an unknown
integer. We again require that the special conformal transformations annihilate the correlation
function, ~b · ~K〈ζ~k1
∏N
a=2 ζ~ka〉′ = 0. However, for a generic N -point function there is no simplifica-
tion of the differential operator, and therefore we require that
N∑
a=1
[
6~b · ~∂ka −~b · ~ka~∂2ka + 2~ka · ~∂ka
(
~b · ~∂ka
)]
〈ζ~k1
N∏
b=2
ζ~kb
〉′ = 0 . (3.13)
Taking the soft limit, we have[
6~b · ~∂k1 −~b · ~k1~∂2k1 + 2~k1 · ~∂k1
(
~b · ~∂k1
)]
kα1
m∏
a=1
(~k1 · ~Pa)F ({~kb>1}) = kα1
m∏
a=1
(~k1 · ~P ′a)G(~b, {~kb>1}) ,
where ∏
a
~P ′aG(~b, {~kb>1}) = ~b · ~K
∏
a
~PaF ({~kb>1}) . (3.14)
10Note that the complete solution in (3.3) also contains a k−31 logK term which still behaves as α = −3 in the
soft-limit.
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Applying the differential operator, one finds[
6~b · ~∂k1 −~b · ~k1~∂2k1 + 2~k1 · ~∂k1
(
~b · ~∂k1
)]
kα1
m∏
a=1
(~k1 · ~Pa) (3.15)
= 6
α~b · ~k1kα−21 m∏
a=1
(~k1 · ~Pa) + kα1
m∑
b=1
~b · ~Pb
∏
a6=b
(~k1 · ~Pa)

−~b · ~k
(α(α+ 1) + 2αm)kα−2 m∏
a=1
(~k1 · ~Pa) + kα1
m∑
b 6=c=1
~Pc · ~Pb
∏
a6=b,c
(~k1 · ~Pa)
 (3.16)
+2
(
α(α− 1 +m) (~b · ~k1)kα−21
m∏
a=1
(~k1 · ~Pa) + (α+m− 1)kα1
m∑
b=1
~b · ~Pb
∏
a6=b
(~k1 · ~Pa)
)
= kα−21 ~b · ~k1
m∏
a=1
(~k1 · ~Pa)
(
6α− α(α+ 1) + 2α(α− 1)
)
(3.17)
+kα1
m∑
b=1
~b · ~Pb
∏
a6=b
(~k1 · ~Pa)
(
6 + 2α+ 2(m− 1)
)
(3.18)
−~b · ~k1kα1
m∑
b 6=c=1
~Pc · ~Pb
∏
a6=b,c
(~k1 · ~Pa) . (3.19)
The final term, (3.19), has no analogue on the right-hand side of this equation and does not
vanish on the left-hand side for m > 1. Therefore, there can be no solution with m > 1 and we
can reduce this problem to m = 0 and m = 1. For m = 0, the second to last line, (3.18), also
vanishes and we have α = −3, 0 as solutions11. Just like for the bispectrum, α = −3 violated the
squeezed limit consistency relation, while α = 0 does not produce a non-zero correlation function
for generic ~xi (i.e. α = 0 gives a series of contact terms). For m = 1, the only possible solution
is α = −3 which means the unique behavior in the soft limit is
lim
k1→0
〈ζ~k1
N∏
a=2
ζ~ka〉
′ ∝
~k1 · ~P
k31
. (3.20)
For example, this is precisely the soft behavior found in the trispectrum of a massless scalar with
derivative interactions [33]. We will now show that m = 1 also violates the single field consistency
conditions. If we apply the non-linearly realized conformal transformation, ~KNL then we have
lim
k1→0
〈
ζ~k1ζ~k2 · · · ζ~kN
〉
= −1
2
P (k1)~k1
N∑
a=2
(
6∂ika − kia~∂2ka + 2~ka · ~∂ka∂ika
)〈
ζ~k2 · · · ζ~kN
〉′
. (3.21)
Note that the right-hand side is just the conformal transformation of the (N − 1)-point function.
Invariance under K requires that the differential operator annihilates the correlator and therefore
N∑
a=1
(
6∂ika − kia~∂2ka + 2~ka · ~∂ka∂ika
)〈
ζ~k1 · · · ζ~kn
〉′
= 0 . (3.22)
11One might be concerned that we are missing the possibility of k−31 log k1 or log k1 terms. The appearance of
such logs can be understood as the subleading term from the limit kα as α → −3 or 0 and will not alter any
conditions regarding the consistency conditions.
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This proves that also the m = 1 solution must vanish to respect the non-linearly realized special
conformal transformation. We conclude that invariance under the set of symmetries in (2.18)-
(2.23) implies that all connected N -point functions vanish for N ≥ 3 and hence the theory is
free.
3.2 Second proof: the operator product expansion
In this section, we will use the operator product expansion (OPE) to show that any connected N -
point correlator of ζ that is invariant under the symmetries in (2.18)-(2.23) must vanish identically.
In the first part of the proof we will show that ζ cannot appear non-trivially in the OPE. In the
second part, we will show that any other operator that is build out of massive fields of any spin
also cannot appear.
By construction, the decoupling limit isolates the scalar metric mode, ζ(~x, t), from the
tensors and the non-dynamical components of the metric (i.e. the ADM components N , N i). In
this limit, the action can be written as a local function of ζ(t, ~x) (and other local fields), which
ensures that ζ(~x) obeys an OPE. We want to prove that this OPE is constrained by symmetry
to be that of the free theory, namely12 (we leave spatial indices implicit to avoid clutter)
ζ(~x)ζ(0)
!
=
[ ∞∑
a=0
~xn
n!
~∂nζ(0)
]
ζ(0) (free theory) . (3.23)
To see this, let’s subtract from the full OPE the OPE of the free theory and define13
ζ(~x)ζ(~y)−
[ ∞∑
a=0
~xn
n!
~∂nζ(0)
]
ζ(0) =
∑
n
cn(~x)On(0) , (3.24)
where both the c-numbers cn(~x) and the operators On can in general have implicit spacial indices
that are contracted with each other, such as for example cijOij . Now we will show that all the
non-free terms in the OPE must vanish, cn(~x) = 0. Recall that in Section 2.1 we had found
infinitely many symmetry generators, namely Q, Vi, Vij , Vijk and their higher-order cousins V(n).
It is the action of these symmetries on (3.24) that sets all the cn(~x) to zero. To see this, let’s
start acting with Q on both sides of (3.24). On the left-hand side one finds
[Q, ζ(~x)ζ(0)−
[ ∞∑
a=0
~xn
n!
~∂nζ(0)
]
ζ(0)] = ζ(~x) + ζ(0)−
[ ∞∑
a=0
~xn
n!
~∂nζ(0)
]
− ζ(0) = 0 . (3.25)
So acting with Q on the right-hand side of (3.24) must also give zero[
Q,
∑
n
cn(~x)On(0)
]
!
= 0 . (3.26)
But this means that On can contain only products of ζ with at least one derivative acting on
each ζ. In particular, all operators of the form On ∼ ζO˜n−1 for any O˜n−1 cannot appear (i.e. the
12Here and in the following, all product of operators at the same point should be considered renormalized normal
products and in particular normal ordered.
13We used translation invariance to set ~y = 0. In computing the variation of this operator one should be careful
though that derivatives do not commute with the y → 0 limit.
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respective cn must vanish). We can then act with Vi on both sides of (3.24). Again the left-hand
side vanishes:
[Vi, ζ(~x)ζ(0)−
[ ∞∑
a=0
~xn
n!
~∂nζ(0)
]
ζ(0)] = 0 . (3.27)
Requiring that the right-hand side vanishes as well, we find that ζ can appear on the right-hand
side of the OPE only with two derivatives acting on it, namely all the coefficients cn of operators
of the form On ∼ ∂iζO˜n−1 must vanish for any O˜n−1. Now we act with Vli on both sides of
(3.24). Again, the left-hand side vanishes
[Vli, ζ(~x)ζ(0)−
[ ∞∑
a=0
~xn
n!
~∂nζ(0)
]
ζ(0)] = 0 , (3.28)
and so the right-hand side has to vanish as well. To see that this forbids all operators ∂ijζ with
two derivatives acting on ζ from appearing on the right-hand side, let see how ∂ijζ transforms
under Vlm,
[Vlm, ∂ijζ] = δliδmj + δljδmi − δlmδij . (3.29)
The most generic operator containing ∂ijζ in the OPE must be of the form
cn(~x)O(0) = ∂ijζ(0)Fij , (3.30)
for some function Fij of the field ζ(0), its derivatives and the coordinate ~x, where only the
symmetric part of F ij contributes. Using the commutator above one finds
0 = [Vlm, cn(~x)O(0)] = 2Flm − δlmFii . (3.31)
The trace of this expression implies Fii = 0, from which Flm = 0 follows. One can continue using
the higher order symmetries V(n) ≡ Vi1...in to show that the n-th derivative of ζ cannot appear
on the right-hand side of the OPE for any n. To convince oneself that this procedure sets to zero
operators containing ζ with any number n of derivatives, it suffices to show that the number of
contraints matches the number of free coefficients. Let’s define
cn(~x)O(0) = Fi1...in∂i1...inζ . (3.32)
Since Fi1...in is totally symmetric it has (2+n)(1+n)/2 components. But the symmetry generator
V(n) also has precisely the same number of components, each of which constrains a different linear
combination of the coefficients of Fi1...in , which therefore must all vanish. We conclude that ζ
with any number of derivatives cannot appear on the right-hand side of the OPE in (3.24).
What about operators that do not contain ζ? We will now show that also all operators
On of non-vanishing conformal dimension, ∆n > 0, are forbidden by symmetry to appear in the
OPE in (3.24). Indeed we can already anticipate that we should not be able to forbid operators
of zero dimension from appearing in the OPE. These would correspond to massless fields and we
know that in the presence of additional massless scalar fields, the consistency relations for ζ do
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not apply. This in turn means we cannot take advantage of DNL and KNL, which were crucial in
the proof we gave in the previous subsection.
Since ∆ζ = 0 6= ∆n, applying the special conformal transformations to the two-point func-
tion implies
〈ζ(~x)On(0)〉 = 0 , (3.33)
On general grounds, anytime an operator O appears in the OPE of operators φ1 and φ2 we can
construct a non-zero three point function of the form 〈φ1φ2O〉. In fact, the special conformal
transforms completely fix the form of this three-point function up to a constant. Consider now
the case in which φ1 and φ2 have spin-zero and Oi1···i`3 has spin `, then by conformal symmetry
the three-point function must take the form [34, 35]
〈
φ1(x1)φ2(x2)Oi1···i`3 (x3)
〉
=
f123
(
Ẑi13 · · · Ẑi`3 − traces
)
x∆1+∆2−∆312 x
∆2+∆3−∆1
23 x
∆3+∆1−∆2
31
, (3.34)
where
xab ≡
√
(~xa − ~xb) · (~xa − ~xb) , Zi3 ≡
xi13
x213
− x
i
23
x223
, Ẑi3 =
Zi3
|Z3| , (3.35)
and f123 is a free coefficient, which is nothing but the coefficient of O in the OPE of φ1 and φ2.
Applying this to the case of interest we take φ1 = φ2 = ζ with ∆1 = ∆2 = 0. The important
consequence of this formula is that it constrains the form of the OPE of ζ and Oi1···i`3 . Specifically,
since 〈ζ(~x)On(0)〉 = 0 for generic operators, the limit
lim
~x2→~x3
〈
ζ(~x1) ζ(~x2)Oi1···i`3 (~x3)
〉
= fζζO
(−1)`xi123 . . . xi`23
x∆3+`23
+ . . . (3.36)
isolates the ζ piece of the OPE14
lim
~x→0
ζ(~x)Oi1···i`(0) ⊃ fζζO〈ζ(~x)ζ(0)〉
(−1)`xi1 . . . xi`
x∆3+`
ζ(0) . (3.37)
The fact that ζ(0) appears on the right-hand side suggests that fζζO will be strongly constrained
by the nonlinearly realized symmetry. Indeed, if we apply DNL to both sides of the equation, we
get
~x · ∂~x(ζ(~x)Oi1···i`(0)) + ζ(~x)(DNLOi1···i`(0)) +Oi1···i`(0) ⊃
fζζO
〈ζ(~x)ζ(0)〉
(−1)`xi1 . . . xi`
x∆3+`
. (3.38)
The expectation value of the left-hand side vanishes because of (3.33). So the expectation value
of the right-hand side must also vanish and we conclude that fζζO = 0. This shows that no
operator of dimension ∆ 6= 0 can appear on the right-hand side of (3.24).
Summarizing, we have shown that the OPE of two ζ’s must be that of a free theory, which
in real space takes the form of (3.23). We can use this OPE to compute any n-point connected
14Since ∆ζ = 0, 〈ζ(~x)ζ(~y)〉 is just a constant, independent of ~x and ~y, which is fixed by the amplitude of the scalar
power spectrum. Technically speaking, 〈ζ(~x)ζ(~y)〉 should also include log(|~x − ~y|) from the sub-leading term in
the ∆ζ → 0 limit. This detail is irrelevant for the purpose of our discussion.
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correlator. The fact that the real-space OPE limit in (3.23) is analytic around x = 0 ensures that
the correlators in momentum space, obtained by the Fourier transform, must decay exponentially
for large momenta. But by virtue of scale invariance, correlators must scale as power laws in the
momenta and so the only possibility is that all connected correlators must vanish, hence proving
Theorem 2.
3.3 Including dynamical gravity
Our analysis thus far has be restricted to the slow-roll decoupling limit where MPl →∞ but the
scalar power spectrum remains constant. This was a necessary condition for producing exactly
scale-invariant scalar correlators. In addition, it means that the tensor fluctuations γij decouple.
In this sense, our scalar fluctuations are described by a local QFT on a fixed de Sitter background.
A natural question is what happens at finite MPl. We certainly expect a free quantum field
theory coupled to dynamical gravity will be non-Gaussian. Very naively, one might expect that
the size of the non-Gaussian contributions to the ζ-correlations would be bounded by the first
slow-roll parameter, , which controls deviations from de Sitter and hence exact scale invariance,
i.e. non-Gaussianity would be O(). Specifically, in the limit, → 0, the geometry might seem to
asymptote pure de Sitter and, for example, we would expect the tensors correlators to be invariant
under linearly realized conformal transformations [36]. However, this is not quite true when
considering correlators involving ζ. For example, the ζ bispectrum has physical contributions of
O(η), without any  suppression [37]. As another example, the scalar trispectrum due to graviton
exchange is not Gaussian even in the , η → 0 limit [38].
The origin of the unexpected contribution to the trispectrum is that ζ is not just a spectator
field in a de Sitter geometry15. Instead, ζ is a component of the metric and breaks the isometry
we would associate with de Sitter boosts Ki. Furthermore, the tensor modes do not respect the
the nonlinear transformation, KNL, while leaving the gauge fixed [13, 38]. The net result is that
the presence of dynamical tensor modes alone will break the conformal symmetry, even in the
limit when the background is pure de Sitter. This is seen most clearly in the scalar-scalar-tensor
bispectrum [9]〈
γs~k1
ζ~k2ζ~k3
〉′
= ∆2γ∆
2
ζ
4∏(
2k3i
)sijki2kj3(−kt + ∑i>j kikjkt + k1k2k3k2t
)
, (3.39)
where kt = k1 + k2 + k3. Here ∆ζ and ∆γ are the amplitudes of scalar and tensor modes respec-
tively. This result is consistent with γij appearing in the OPE of ζ with an order one coefficient.
Repeating the OPE argument, this is not consistent with linearly realized conformal invariance
and so there is no contradiction with our results. It was shown in [38] that the correlation
functions of ζ will still obey a non-linearly realized symmetry related to the additional gauge
transformation required to maintain the gauge of γij after performing the KNL transformation.
The contributions of tensors to the non-Gaussian correlators of ζ are well below the sensitiv-
ity of cosmological surveys in the conceivable future. Most non-Gaussian correlators at current
levels of sensitivity are well approximately by the Mpl → ∞ limit of the effective action for
the fluctuations, and thus the question of whether they can obey linearly realized conformal
symmetry (or other symmetries) is still observationally relevant.
15See e.g. the discussion in Section 5.1 of [37]
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To summarize, the coupling to dynamical gravity does not violate our theorem. The cou-
pling between the scalar and tensor modes introduces non-Gaussian correlations but also breaks
conformal symmetry, even in the limit where the geometry is well approximated by de Sitter
space.
3.4 Holographic interpretation
Holography provides a natural framework to understand the constraints of spacetime symmetries
on de Sitter correlators. In pure de Sitter space, the isometries of the background imply the
wave-function of the universe is the partition function of a non-unitary conformal field theory
(CFT) [9, 36, 39–41]. The behavior of fluctuations in an inflationary spacetime has a natural
interpretation in terms of the RG flow in a holographic dual [42–46]. In this description, ζ is dual
to the trace of the stress tensor of the dual theory.
Naively, it would seem that we have demonstrated a well-known result in QFT, namely
that the trace of the stress tensor vanishes at a conformal fixed point. This is not the correct
interpretation of our result, as the trace of the stress tensor does not vanish in the decoupling
limit [8]. By construction, we are holding the power spectrum of ζ fixed with amplitude ∆2ζ . The
holographic interpretation of the wavefunction then determines
〈ζ~kζ~k′〉′ =
2pi2∆2ζ
k3
=
1
−2Re〈T~kT~k′〉′
, (3.40)
where T ≡ T ii is the trace of the stress tensor. Since ∆ζ  1, not only is T (~x) 6= 0 but its power
spectrum is very large (although still small compared to the central charge which diverges in
the decoupling limit). Adding higher derivative interactions to the bulk allows a wide variety of
non-trivial correlation functions of T while preserving scale (but not conformal) invariance.
The origin of the confusion is precisely the MPl →∞ limit. At any finite MPl, for a generic
model of inflation, scale invariance is broken at order  while conformal invariance invariance is
broken at O(1) [8]. As a result, generic interacting inflationary models are approximately scale
but not conformal, but neither is exact (they only become exact in the decoupling limit). While
scale-but-not-conformal behavior is generally not expected in the QFT 16, the breaking of scale
at order  ensures it is consistent with known results [47].
Surprisingly, the simple pattern of symmetry breaking described in the introduction does
not have a simple holographic interpretation. The reason is that the bulk description relies on the
presence of an approximate global symmetry which is only an exact symmetry in the MPl →∞
limit. While such a symmetry is well motivated in the bulk EFT, it cannot be a fundamental
symmetry in a theory of quantum gravity and therefore is not manifest in the CFT. This can be
seen already with the approximate shift symmetry for a scalar field, which would be dual to a
family of approximately scale-but-not-conformally invariant field theories, related by a marginal
deformation, but where correlation functions are unchanged by the marginal deformation [48].
This behavior is not found in known QFTs but must arise in interacting theories to be compatible
16Technically speaking, the QFT duals in dS/CFT are non-unitarity and thus are not subject to the usual QFT
intuition. However, as explained in [8], an essentially identical pattern of symmetries appear in AdS where the
QFT intuition is applicable.
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with known mechanisms of inflation [8]. The interpretation of Theorem 2 is that if there is a
family of approximately conformally invariant theories with non-vanishing T (rather than just
scale invariant), then every theory in this family is free. To our knowledge, there is no proof of
this statement in QFT.
4 Theorem 3: all linearly-realized symmetries of a single scalar
In this section we derive a complete classification of all the possible linearly-realized symmetries
of the correlators of a massless scalar field φ in an accelerated FLRW universe, namely all the
possible relations of the form
n∑
a=1
f(~ka, ∂~ka)〈φ~k1 . . . φ~kn〉 = 0 (4.1)
that can be satisfied by a non-vanishing set of correlators for all n and some non-vanishing
continuous functions f . The assumptions of the theorem are the following:
1. The correlators are statistically homogeneous, isotropic and scale invariant, i.e. they are
invariant under Pi, Mij and D in (2.18)-(2.20).
2. The time dependence of correlators in the asymptotic future can be neglected.
3. The symmetry transformations are local in space in the sense that they do not involve
inverse Laplacians.
4. There is a finite number of times that a generator Q can be commuted with space transla-
tions Pi leaving a non-zero result. In formulae, there exist some finite N for which
[PiN [PiN−1 . . . [Pi1 , Q]] = 0 . (4.2)
In this section, we make no assumptions about the particle content of the theory, the nature of
interactions or the slow-roll and decoupling limit. Under the assumptions above, we will prove
that the only additional linearly-realized symmetries that the correlators of a single scalar field
can satisfy, besides rotations, translations and dilations, are special conformal transformations,
Ki. By combining this theorem with Theorem 2, we can obtain an interesting lemma. In the
particular case in which the scalar field in the above theorem is ζ, namely curvature perturbations,
the symmetry algebra must also include DNL and KNL. Then we know that the addition of K
i
to the symmetry algebra enforces the theory to be free by virtue of Theorem 2. Therefore, for
ζ correlators with the soft limits dictated by the single-field consistency relations, the largest
possible set of linearly-realized symmetries is composed precisely by those symmetries that we
have already observed in the primordial power spectrum, namely homogeneity, isotropy and scale
invariance, with dilations being only an approximate symmetry. In other words, assuming single
field inflation, the primordial perturbations in our universe display the largest possible amount of
symmetry for an interacting theory. This is very reminiscent of the situation in flat space, where
the Coleman-Mandula theorem ensures that the largest possible set of linearly-realized spacetime
symmetries is just the Poincare´ group (assuming the S-matrix is well defined).
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The theorem in this section can also be rephrased as follows. Assuming a set of correlators
that obey (4.10) for
P i : f i(k, ∂k) = −iki (translations) , (4.3)
Mij : f
i
j(k, ∂k) = 2k
[i∂kj] (rotations) , (4.4)
D : f(k, ∂k) = 3−∆ + ~k∂~k (dilations) , (4.5)
where ∆ is the scaling dimension of φ, the only additional function f that can satisfy (4.10) for
all n is
fi(k, ∂k) = i
[
2~k · ∂~k∂ki − ki∂~k · ∂~k + 2 (3−∆) ∂ki
]
. (4.6)
As in the proof of the Coleman-Mandula and Haag-Lopuszanski-Sohnius theorems [4, 49],
or more recently in [22, 23], it is useful to organize the proof in terms for the degree N of a
symmetry generator SN , which is defined as the largest power of x that appears in the associated
symmetry transformation
δSNmφ =
N∑
n=0
xi1 . . . xin fi1···nin+1 ... in+m , (4.7)
where the lower index m counts the number of spacial indices17 and f is a linear function of φ
and its derivatives. This is useful because the commutator of SNm with spatial translations gives
[SNm , P
i] = SN−1m+1 . (4.8)
The strategy is to show that there are no degree zero generators beside Pi and no degree one
generators beside Mij and D. Higher degree generators are then constrained by the above relation
in that they have to reduce to Pi, Mij and D upon commuting enough times with translations.
4.1 Degree zero
Let’s start with generators of degree zero with any number of spacial indices, S0m. When acting
on the field they take the form
S0m : δφ(
~k) = fi1...in(
~k)φ(~k) , (4.9)
for some non-vanishing fi1...in(
~k), whose indices come from ki, δij or ijk. Demanding invariance
of an n-point correlator under S0m implies
n∑
a=1
fi1...in(
~ka)〈φ(~k1) . . . φ(~kn)〉 =
n∑
a=1
fi1...in(
~ka)Bnδ
3
D
(
n∑
b=1
~kb
)
= 0 . (4.10)
17It would be more natural to talk about irreps of SO(3) rather than number of indices, hence separating trace,
symmetric-traceless, anti-symmetric parts. Instead of setting up this notation, we will take advantage of this
separation only when needed in the proof.
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Stripping away the momentum-conserving delta function we find
Bn
n∑
a=1
fi1...in(
~ka) = 0 , (4.11)
where ~kn = −
∑n−1
a
~ka. We want to prove that any Bn that satisfies this relation must vanish
for generic kinematic input18. We will prove this by contradiction. Suppose there was a non-
vanishing set of Bn that satisfies (4.11) for generic momenta. Then we would conclude
n∑
a=1
fi1...in(
~k) = 0 , (4.12)
for generic momenta. But this can only happen if fi1...in(
~k) vanishes identically, contradicting
our assumptions.
4.2 Degree one
The most generic symmetry of degree one must take the form19
S1m : δφ(
~k) =
[
fi1...im−1(
~k)∂im + fi1...im(
~k)
]
φ(~k) , (4.13)
where the spatial indices in the two f ’s can be taken by ki, δij or 
ijk. The commutator with
spatial translations tells us that
[Pi, S
1
m] = S
0
m+1 + δijS
0
m−1 . (4.14)
But we have already classified all possible degree zero symmetries and found that the only option
are spatial translations, which have m = 1. Therefore, closure of the algebra demands that any
new degree-one symmetry comes with zero or two spatial indices, m = 2 or m = 0, and hence
takes the form
S12 : δφ = f
A(k)k[i∂j] + f
ST (k)k<i∂j> + f
LOT (k)k<ikj> + δij
[
fT (k)kl∂l + f
LOδ(k)
]
. (4.15)
Here the indices stand for Anti-symmetric, Symmetric-Traceless, Lower Order Traceless, Trace
and Lower-Order δ, respectively and < · · · > takes the symmetric traceless part,
A<ij> ≡ 1
2
(Aij +Aji)− 1
3
δijAll . (4.16)
Notice that the anti-symmetric, symmetric-traceless and traceless parts have to be independent
symmetries as no cancellations among them are allowed by the index structure. Let’s explicitly
18This is much easier to prove than the more general statement that the correlators must vanish everywhere, and
it is also what is proven by the the Coleman-Mandula theorem or the Weinberg’s soft theorems. It seems likely
that correlators that are non-vanishing only on some codimension one or larger hypersurface in momentum space
will violate cluster decomposition, but we have not proven this in detail.
19One could also start with the real space action of the symmetry. But usually we work with correlators in Fourier
space and it is more convenient to work with symmetry transformations in Fourier space as well. Notice that
the Fourier transform of the transformation gets a bit messy because, when integrating by part in ∂x one hits
the factors of x. The calculation is doable if one assumes some simple form of f , e.g. a polynomial. Anyways,
starting directly in momentum space bypasses all these complications.
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calculate the following commutator (notice that [f(k), Pi] = 0 and so the functions of momenta
can be treated as commuting factors)
[ki∂j , Pl] = [ki∂j , kl] = ikiδjl . (4.17)
Since the commutator must reduce to a translation, which is the only degree zero symmetry,
we conclude that fA = fST = fT = constant, while fLOδ and fLOT remain unconstrained. In
the anti-symmetric term we recognize rotations. So the only new symmetries can come from the
symmetric traceless or trace transformations in (4.15). In general, for those transformations to
be symmetries we need to demand
n∑
a=1
[
~ka~∂a + f
LOδ(ka)
]
〈φn〉 = 0 , (4.18)
n∑
a=1
[
k<ia ∂kj>a + f
LOT (ka)k
<i
a k
j>
a
]
〈φn〉 = 0 . (4.19)
Now we have the choice to work with operators that act on the full correlator, 〈. . .〉, or on
〈. . .〉′ = Bn, where the delta function has been removed. For transformations of degree zero it
is the same as the transformation acts multiplicatively. But for transformations of degree one or
higher, one has to keep track of when ∂k acts on the momentum-conserving delta function. Here
is what happens for the two operators we care about
n∑
a=1
kia∂kjaδ
3
D
(∑
b
~k
)
=
n∑
a=1
kia∂kja
∫
~x
e−i~x
∑
b
~k =
∫
~x
n∑
a=1
kia(−ixj)e−i~x
∑
b
~k (4.20)
=
∫
~x
(−ixj)
n∑
a=1
kiae
−i~x∑b ~k =
∫
~x
(−ixj)i∂xie−i~x
∑
b
~k (4.21)
= −
∫
~x
(
∂xix
j
)
e−i~x
∑
b
~k = −δijδ3D
(∑
b
~k
)
. (4.22)
So, when the trace transformations act on primed correlator there should be an extra term,
namely δii = 3, while no additional term is generated for the traceless transformations:[
−3 +
n∑
a=1
~ka · ~∂a + fLOδ(ka)
]
Bn = 0 , (4.23)
n∑
a=1
[
k<ia ∂kj>a + f
LOT (ka)k
<i
a k
j>
a
]
Bn = 0 . (4.24)
We know already that one possibility are dilations, which correspond to fLOδ = 3−∆. Requiring
that all correlators obey scale invariance, we find[
−3 +
n∑
a=1
~ka · ~∂a + 3−∆
]
Bn =
[
(3n−∆n− 3) +
n∑
a=1
~ka · ~∂a
]
Bn = 0 . (4.25)
This is solved if each correlator scales as Bn ∼ k−3(n−1)+∆n. Assuming locality, no other degree
one symmetries can exist with this trace structure, except those that differ from a dilation by the
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addition of any translation. Let’s see what happens to the symmetric traceless transformations.
Since dilations are a symmetry, all terms in the symmetric traceless transformation must have the
same scaling dimension, namely the scaling dimension of k<i∂j>, which is zero. Failure to meet
this criterion would imply and infinite set of generators, forbidding any non-vanishing correlators.
Therefore also fLOTk<ikj> must have scaling dimension zero. But if we insist on locality, i.e. the
absence of inverse Laplacians, then fLOT must vanish. We can now recall that the only power
spectrum invariant under rotations, dilations and translations is P = k−3+2∆. It is easy to check
that under the transformation in (4.24) one finds
2∑
a
k<ia ∂kj>a
1
k3−2∆1
= (2∆− 3) k
<i
1 k
j>
1
k5−2∆1
!
= 0 . (4.26)
So the power spectrum is invariant only if ∆ = 3/2, in which case P (k) is a constant and in real
space there are no correlations at separated points. We conclude that this cannot be a symmetry
of any theory with two-point correlations at separated points and therefore we exclude it from
our classification.
4.3 Degree two and higher
Let’s continue to degree-two symmetries, S2. The commutator of any S2 with translations must
give the only symmetry of degree one that we found, namely rotations and dilations and so
[S2i , Pj ] = aMij + bδijD , (4.27)
where a and b are some constants and by consistency S2 must have precisely one spatial index
S2i : δφ =
[
f ijl∂j∂l + f
ij∂j + f
i
]
φ . (4.28)
Using (2.29) we also know that S2i must have scaling dimension −1, so that, once commuted with
translations, which have scaling dimension 1, it can give dilations or rotations, both with scaling
dimension 0. Using again locality this implies f i = 0 and the scalings f ijl ∼ k1 and f ij ∼ k0.
Hence, the most general for of S2 is
S2 : δφ(~k) =
[
C1~k · ~∂∂i + C2ki∂2 + C3∂i
]
φ(~k) . (4.29)
Substituting this form into the commutator (4.27), gives
C1 = −2C2 = a = −b , C3 = −b(3−∆) . (4.30)
A convenient rescaling of S2 is a = 2i and then one finds
S2 = Ki : δφ(~k) = i
[
2~k · ~∂∂i − ki∂2 + 2 (3−∆) ∂i
]
φ(~k) , (4.31)
which we recognize as a a special conformal transformation, satisfying the commutator
[Pi,Kj ] = 2Dδij + 2Mij . (4.32)
This is the only admissible symmetry of degree two.
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As proven in [22], no other symmetry of degree three or higher exists that extends the
conformal group. The strategy to prove this fact is to show that, if the only degree-two symmetries
are special conformal transformation, as in the case at hand, than there is no degree three
symmetry that can obey the appropriate commutation relations with translations as well as the
Jacobi identities. We can therefore conclude that our classification of symmetries is complete.
In summary, for a general scalar field φ we found that, assuming invariance under rotations,
translation and dilations, the only additional linearly-realized finite-degree symmetries we can
add without making all correlators vanish are special conformal transformations. This concludes
the proof of Theorem 3.
4.4 Contractions and discrete symmetries
Summarizing, we have found that the largest possible algebra of symmetries, given the assump-
tions in above (4.2), is given by the conformal group in three euclidean dimensions, a.k.a. the
Lorentz group SO(3, 1):
[Mij ,Mkl] = 4δ
[k
[iM
l]
j] , [Mij , Pl] = 2δl[iPj] , [Pi, Pj ] = 0 , (4.33)
[D,Pi] = Pi , [D,Mij ] = 0 , [D,Ki] = −Ki , (4.34)
[Ki,Kj ] = 0 , [Mij ,Kl] = 2δl[iKj] , [Pi,Kj ] = 2Mij + 2Dδij . (4.35)
This algebra admits some well-known Wigner-Ino¨nu¨ contractions, in which some of the commu-
tators are set to zero and a new consistent algebra emerges. The most well-known case is the
Galilean algrebra, but all possibilities were classified in [50]. It is natural to ask why we did not
encounter any of these contractions in our classification. To see this, recall that a contraction
consists of keeping all the generators of a given subalgebra fixed and rescaling the others by a
parameter that is then taken to zero, so that the rescaled generators become an abelian subal-
gebra. In doing this we want to require that rotations act in the standard way, so we look for all
subalgebras that contain Mij . There are six possibilities, {Mij}, {Mij , Pl}, {Mij ,Kl}, {Mij , D},
{Mij , Pl, D} and {Mij ,Kl, D}. Contractions with respect to subgroups that do not contain D,
i.e. involving the rescaling D → D′ = D, have the effect to set to zero the commutator with
translations [D′, Pi] = 0. This is inconsistent with the way translations and dilations act on cor-
relators and so this possibility is excluded by assumption. The other three contractions have the
effect of setting to zero the commutator [P ′i ,K
′
j ] = 0. Then K
′
i becomes a degree zero symmetry,
which we have proven cannot exist as long as there is any non-vanishing correlators. Hence this
discussion confirms our findings in Theorem 3: although there are many other consistent alge-
bras that are obtained by contractions of the conformal algebra, none of them can be realized on
non-trivial scalar correlators.
While so far we have only discussed continuous symmetries, it’s worth mentioning two
discrete symmetries that can be realized on a single scalar φ, namely space inversion P and
internal reflection Q acting as
P : φ(~x)→ ±φ(−~x) , Q : φ(~x)→ −φ(~x) . (4.36)
The internal discrete symmetry Q commutes with all other generators, while the spacetime dis-
crete symmetry P commutes with rotations and dilations, which are even, but anti-commutes
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with translations and de Sitter boosts, which are odd. Clearly all n-point correlators of φ are
invariant under Q if n is even and so can be non-vanishing. Parity can be broken only if the
parity odd but rotational invariant combination
(
~ka × ~kb
)
· ~kc appears.
5 Discussion and conclusions
Our understanding of the very early universe is informed by the correlations of cosmological
perturbations observed at much later times. It is our hope that the structure of these correlations
is sufficiently restrictive that, from them, we can determine the mechanism for inflation and some
of the laws of physics at high energies. In this paper, we explored constraints on the structure
of correlators imposed by symmetries and how they relate to the underlying particle content and
mechanism for inflation. Given cosmological observations, we find that conformal invariance is the
largest space-time symmetry that can act linearly and non-trivially on curvature perturbations.
Furthermore, in single-clock inflation, only scale invariance is possible in an interacting theory,
but not linearly-realized special conformal transformations.
These results contribute to the larger goal of putting our understanding of cosmological
correlators on par with boundary correlators in asymptotically flat (S-matrix) or anti-de Sitter
space (CFT). In those cases, the structure of the S-matrix and CFT correlators is sufficiently
rigid that it implies a number of non-trivial constraints on physics in the bulk. Holography in
de Sitter is a less useful tool, particularly due to the lack of unitarity in dS/CFT [9, 36, 39–41].
Nevertheless, recent work has used the conformal symmetry of quantum fields in de Sitter [25,
26] and/or the structure of perturbative calculations [51–54] to draw broader insights in these
observables. The results presented here advance this program further, working directly in terms
of late-time ζ correlations without appealing directly to the local dynamics during inflation or to
any Lagrangian description. Our results imply constraints on dynamics during inflation that are
hardly transparent at the level of the action. A priori, ζ could have Lorentz-invariant couplings to
some massive field of any spin that could produce a conformal, non-Gaussian correlation function.
Yet, the results presented here show that such a coupling must always break Lorentz / de Sitter
invariance, no matter how ingenious the model.
Famously, causality and unitarity for scattering amplitudes [55, 56] or CFT correlators [57–
59] place surprisingly strong constraints on coupling constants that are consistent with the sym-
metries of an EFT. Most notably, self-consistency can constrain an infinite list of couplings in
terms of a single parameter. Attempts to apply the same techniques to inflation suggest that
the couplings of the EFT of inflation are bounded in terms of the speed of propagation of ζ,
cs [8, 60–62]. Most dramatically, it has been conjectured that when cs = 1, the theory is neces-
sarily Gaussian up to slow-roll corrections. This conjecture shares some relation to the present
work, as cs = 1 corresponds to an enhanced conformal symmetry for the quadratic action. Our
results show that there are no additional operators that can be added to this theory that preserve
this symmetry; however, that still leaves the majority of operators that break the symmetry that
also give rise to non-Gaussian correlators. While useful constraints can be derived using limits
where scattering or holographic tools apply, we would like to understand the constraints on these
EFTs from cosmological correlators alone.
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Although inflationary correlators appear to lack the rigid structure associated with the S-
matrix or CFT correlators needed to derive structural constraints, this work has shown that
this concern may be overstated. The single-field consistency conditions are the statement that
cosmological correlators obey a nonlinearly realized conformal symmetry, and this symmetry can
be put to work to remove some of the ambiguities present for correlation functions of generic
fields such as field redefinitions. Given recent work understanding the analytic structure of
these correlators and their connection to the S-matrix [36, 63], it seems reasonable to expect a
future where model-independent constraints on the dynamics during inflation are derived from
cosmological correlators directly.
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